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Abstract: The influence of material time dependency and anisotropy in the context of 
two specific flywheel designs—preload and multi-directional composite (MDC)—is 
investigated. In particular, we focus on the following aspects: 1) geometric constraints, 
2) material constraints, 3) loading type, and 4) the fundamental character of the time-
dependent response, i.e., reversible or irreversible. The bulk of the results presented 
were obtained using a composite (PMC IM7/8552 @135 °C) material system. The 
material was characterized using a general multimechanism hereditary 
(viscoelastoplastic) model.  As a general conclusion, the results have clearly shown that 
both the preload and the MDC rotor designs are significantly affected by time-
dependent material behavior, which may impact the state of rotor balance and 
potentially reduce its operating life. In view of the results of the parametric studies and 
predictions made in the present study, the need for actual experimentation focusing on 
the time-dependent behavior of full-scale flywheel rotors is self-evident. 
 
 
 Introduction  

General 

 Flywheels, for well-known reasons, are extensively used as efficient energy 
storage systems. Among many different designs, several are being assessed employing 
different material systems, with greater demands on the repeated spinning (up/down) 
type of loading. To date, the bulk of analytical/numerical studies have been made on the 
time- independent response of these systems, identifying the key factors as: interference 
fit (also known as misfit), mean radius, thickness, material-property- and/or load-
gradation, and speed, all of which must be simultaneously optimized to achieve the 
“best” and most reliable design [1]. Alternatively, comparatively few studies are 
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available on the effect of time dependency in flywheel applications, with the majority 
of those conducted making use of classical viscoelasticity, i.e., hereditary-integral type 
assumption, [2-11]. Further complications, arise from the fact that despite the ample 
evidence of various types of material time dependency, particularly for PMC systems 
[12-19]; the underlying fundamental character of the time-dependent behavior  
(i.e., reversible vs. irreversible) and its ramifications (through constitutive modeling)  
in structural applications (e.g., flywheels) has not been carefully examined and 
critically assessed. For instance, in PMC literature, the irreversibility of the material is 
often masked by such practices as mechanically conditioning the material, e.g., prior  
to creep/creep-recovery tests, or subtraction of the permanent strain from the creep 
recovery data, etc.; thus justifying the utilization of a predetermined simplified 
constitutive theory, for example linear or nonlinear viscoelasticity, [17-19].     
 Knowing that for space applications (e.g., the International Space Station, ISS) a 
flywheel must operate for an extended period of time (approximately 15 years) at 
moderate temperatures (i.e., 90 – 135 °C) and since it is important that both stress and 
deformations not reach any critical limits during the life span of the rotor, a further 
investigation and study into the influence of time dependency and anisotropy effects in 
the context of a given design is required. This provides the main motivation for the 
present work. 
 
Objectives, Scope, and Outline 
 

 The main objective here is to provide a complementary study, to our previous 
time-independent investigation [1], that focuses on the effects of time dependency in 
material behavior and its ramifications. In particular, emphasis is placed on 
investigating the following aspects: 1) geometric constraints; such as limiting plane 
stress/strain conditions; 2) material constraints, resulting from strong anisotropy  
(e.g., due to inclusion of elastic fiber reinforcement in the composite rotor) as well as 
possible material-property gradation; 3) loading type, i.e., steady vs. cyclic; and 4) the 
implications of the underlying fundamental character of the time-dependent response, 
i.e., reversible (viscoelasticity-solid representation) or the more general irreversible 
viscoelastoplastic- representation. 

 To limit the scope, two specific rotor designs are considered: 1) preload (filament 
wound) type (single disk and multiple disk) and 2) Multi Directional Composite (MDC) 
or laminated type. For both designs, the use of a solid hub with interference fit will be 
considered (even though other hub configurations such as growth-matching, etc, are 
known to provide important alternatives). Furthermore, to better isolate the role played 
by the effect of the material’s time dependency; we have elected to keep “frozen” 
certain other design parameters. In particular, the mean radius (Rm = 10.16 cm) of the 
solid hub-rotor design, the in-plane thickness, as well as the amount of interference fit 
preload (an “equivalent” initial hoop strain of 0.5%) will be kept at their selected 
(prototypical) values in all the results reported here. However, it is emphasized that the 
significant effects (especially quantitative) due to changes in these “frozen” variables 
will certainly persist in the time-dependent domain, as they did in the purely elastic 
case, [1]. 

 The majority of the present study will involve a highly anisotropic polymer matrix 
composite (PMC) material system known as IM7/8552 [20] and will be performed at 



 

NASA/TM—2003-212091 

 

3 

one constant elevated temperature, i.e., 135 °C. This temperature is considered to be at 
the high end of the operational temperature range for this material, hence leading to 
significant time dependency. However, some solutions have also utilized an isotropic 
metallic alloy and some “artificial” variants (wherein “stiff” elastic fibers are 
envisioned to be embedded) to complete our parametric studies. Also note that many  
(if not all) of the features and phenomena investigated herein will be even further 
enhanced under nonisothermal conditions for the flywheel systems.  

 With the rather complex nature of time-dependent calculations (i.e., requiring a 
detailed time-marching strategy) the format of the presentation of results becomes 
important in evaluating the alternative designs. Here we have opted to focus on two 
major aspects: 1) spatial distribution over the rotor domain (in-plane and/or out-of-
plane) of representative stress/strain type quantities, and 2) temporal evolutions of the 
quantity of interest for a selected location. 
 An outline of the reminder of the paper is as follows. We start by outlining the 
main ingredients of the time-dependent material model employed, together with its 
characterization. In the next section, the solution procedure is presented, including the 
finite element (FE) discretization, and the description of the prototypical load history. 
To this end both the global structural and local (constitutive/integration point) 
calculations and validation problems are also briefly described. The analysis results for 
a preloaded design composed of either a viscoelastic or viscoelastoplastic rotor are then 
presented. These results provide the basis for assessing the effects of: 1) material 
representation, 2) material constraints, 3) geometric constraints, and 4) material 
gradation. Following, the analysis results of the more complex MDC design (using the 
viscoelastoplastic material characterization of the IM7/8552 system) are presented for 
both in-plane and out-of-plane response components. Finally, the main conclusions of 
the study are listed.  

 
Time Dependent Material Representation 
 
Material Model 
 

 Here, we consider a macroscale approach (wherein coupon level testing is utilized 
and not micromechanics) to determine the deformation and life behavior of a composite 
material. The specific material model employed in the analysis is derived from a 
complete potential-based formulation accounting for nonlinear kinematic hardening  
and elastic-recovery mechanisms. This model has been successfully applied to metallic 
materials, for details, the reader is referred to references [21-24]. 

 The resulting general multi-mechanism hereditary model (Fig. 1) partitions the 
total strain into two major response components: 1) a reversible/linear viscoelastic and 
2) an irreversible/nonlinear viscoplastic component. Moreover, both of these 
representations can be either activated or suppressed, thus enabling special 
representations depending on the required or anticipated material behavior (e.g., purely 
elastic or viscoelastic, elastic-viscoplastic, perfectly-viscoplastic-with no hardening/ 
recovery, etc.). In the case of reversible (viscoelastic) behavior the character of the 
response remains the same with time and the solution can be confined between two 
limiting cases. On the other hand, in the irreversible (viscoplastic) representation the 
response can change its character with time whenever permanent deformation    
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dominates.  For example, in the case of 1) passing from transient to steady state creep 
or 2) increasing inelastic strain cycle by cycle (a phenomenon known as material 
ratchetting) and/or shakedown (wherein the material stops deforming inelastically). 
 The above general viscoelastoplastic framework, provides a convenient means for 
consistently interpreting general hereditary behavior.  This is particularly true in 
connection with the long-standing history of time-dependent constitutive representation 
attempts for PMC systems (both thermoset and thermoplastic polymeric matrices).  
This work, both analytical and experimental, which spans more than three decades  
[12- 19, 25, 26], has focused on the study of the changes in mechanical properties  
(e.g., stiffness moduli and strength) as a function of time (i.e., from the glassy to the 
transition and rubbery states) under conditions of uniaxial creep and monotonic 
constant strain rate loading, be they tensile or compressive. Essentially, all types of 
reversible and irreversible response histories [classified herein as 1) reversible 
(viscoelastic), 2) nonlinear irreversible (viscoplastic) and 3) softening/damage  
(e.g. matrix crazing), time-dependent behavior] have been observed to differing 
degrees; where typically the two types of permanent deformations resulting from (2) 
and (3) above, have been difficult if not impossible to isolate under simple conditions 
of creep with recovery and/or uniaxial monotonic loading. Consequently, this history 
suggests the need for a coupled viscoelastoplastic constitutive model as utilized herein. 
Furthermore, the neat and logical partitioning of the stored and dissipative parts of the 
total energy, underlying our present framework is directly applicable in the context of 
recent design/critical energy failure criteria for PMC systems [17, 18, 19].  Moreover, 
unlike some of these latter developments (e.g., the NMC and the RW approaches in 
reference [19]), the present framework allows for calculation of deformations beyond 
the “yield” point and in the post creep-rupture regimes, for some examples, see 
reference [24] for general coupled viscoelastoplastic-damage applications.   

Reversible 

Irreversible 

Figure 1 - Representation of a general multimechanism hereditary formulation.   
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Furthermore, the present model directly and consistently handles the nonlinear 
transient/steady/cyclic creep phenomenon, thus alleviating the need for ad-hoc “pseudo-
viscoplastic” representations that are sometimes used [25].  These latter representations 
may give rise to physically-unrealistic discontinuous strain responses due to a sudden 
change in the stress, or the associated unnecessary restrictions of the traditional, but 
rather limited, strain-hardening creep approach (see references [27, 28] for some critical 
limitations on this traditional approach) within the context of time-stress-superposition 
principle (TSSP), see references [19, 25].  Consequently, the mere fact that most high 
performance flywheels will be manufactured using PMC materials does not 
automatically eliminate the need for accounting for irreversible behavior – thus 
viscoplastic constitutive representations. Furthermore, the present IM7/8552 system of 
interest, has exhibited significant irreversible deformations, in the range of 5-17%, at 
multiple temperatures, see reference [20], in relatively short periods of time (days) as 
compared to the desired 15 year flywheel mission cycle, thus further justifying the need 
to perform the current parametric study, to enhance our understanding of the 
ramifications of time dependent material behavior.  

 

Material Characterization 
 

  Rapid characterization of the pertinent materials using the current material model 
is accomplished (given experimental test results see references [20, 23]) using the 
constitutive parameter estimator known as (COMPARE, reference [24]) to estimate the 
material parameters. As alluded to earlier, two materials were used in the present 
analysis. The first is an isotropic titanium alloy known as TIMETAL 21S.  It was 
characterized in an earlier study [22], at 650 °C, using the reversible viscoelastic 
portion of the model. Table 1 shows the resulting material parameters.  
 The second is a PMC material known as IM7/8552 for which experimental data, at 
135 °C, is available for use in the characterization process. These experiments, which are 
described in detail in reference [20], include one constant-strain-rate experiment in the 
longitudinal direction, and in the transverse direction, three relaxation-with- unloading 
relaxation periods, three creep-with strain recovery, and a single cyclic (stress-controlled) 
test. All seven tests were conducted under compressive loading. For convenience in the 
present study, identical behavior in tension and compression is assumed, even though 
some “small” differences in tension and compression were observed experimentally [20]. 
The PMC was characterized using two modeling approaches; a purely viscoelastic 
representation (using 5 viscoelastic mechanisms), and a generalized viscoelastoplastic 
model (using 1 viscoelastic combined with 2 viscoplastic mechanisms). The resulting 
material parameters are shown in Tables 2 and 3, respectively, and the corresponding 
model simulations are shown in Fig. 2. Note, very good qualitative agreement between 
model simulation and experiment is observed given either representation. 

 Finally, some artificial modifications were also created to enable parametric 
studies to be conducted in the context of: 1) “shutting off” the time dependency in one 
of the material directions to simulate the influence of strong anisotropy, 2) material 
property gradation; by introducing a new polymer matrix with more tendency to creep, 
i.e., increasing the steady state creep rates over that of the given PMC system. In all the 
cases studied the inner solid hub was composed of titanium and assumed to be elastic 
(E = 90 GPa, ν =0.33, ρ=5000 kg/m3) due to the relatively moderate application 
temperature expected. 
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Table 1- Final Characterized Viscoelastic Parameters Using Six Viscoelastic 
Mechanisms for TIMETAL 21S @ 650 °C. (ρ=5000 kg/m3) 

Material 
 Parameter 

Units Value Material 
 Parameter 

Units Value 

Es GPa 21.75 Em 4 GPa 6.523  
ν - 0.365 ρ4 sec 9693 

Em1 GPa 41.37  Em 5 GPa 3.965  
ρ1 sec 0.5 ρ5 sec 14460 

Em 2 GPa 6.895  Em 6 GPa 3.434  
ρ2 sec 50 ρ6 sec 28218 

Em 3 GPa 21.120     
ρ3 sec 974    

Table 3 - Final Characterized Viscoelastoplastic Parameters using one Viscoelastic 
and two Viscoplastic mechanisms for PMC @ 135 °C. (ρ =1578 kg/m3) 

Material 
Parameter 

Units Value Material  
Parameter 

Units Value 

E11 GPa 147.0 m1 - 7.177 
E22 GPa 9.90  m2 - 1.057 
ν12 

- 0. 2568 β1 
- 15.723 

G12 GPa 68.95  β2 - 4.00 
 Em  GPa 4.04  R1 1/s 5.0 x 10-9 

ρ sec 18.04 x 103 R2 1/s 1.113 x 10-3 

κ MPa 1.0 H1 GPa 8.44  

κ1 
MPa 41.37 H2 GPa 6.05  

κ2 MPa 34.47 ζ 
- 0.5 

n - 3.605 ξ 
- 0.9999775 

µ GPa -s 2.45 x 105    

Table 2 - Final Characterized Viscoelastic Parameters using five Viscoelastic 
mechanisms for PMC @ 135 °C. (ρ =1578 kg/m3) 

Material 
 Parameter 

Units Value Material 
 Parameter 

Units Value 

E11 GPa 103.35  Em 3 GPa 2.07  
E22 GPa 6.047  ρ3 sec 30 x 103  
ν12 - 0. 2568 Em 4 GPa 11.72  
G12 GPa 34.47  ρ4 sec 41080 x 103 

Em 1 GPa 17.24  Em 5 GPa 2.76  
ρ1 sec 5 x 103  ρ5 sec 292.91 x 103 

Em 2 GPa 13.79     
ρ2 sec 4 x 103    
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Creep test 
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Figure 2 - Experimental results for PMC  
@135 °C  [20] and the model simulation 
 using viscoelastic and vicoelastoplasitc 
representation, the material parameters are 
shown in Tables 2 and 3. All the tests were 
conducted under compressive loading 
perpendicular to the fiber direction except for 
(a) where the loading was parallel to the 
fibers. 
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Solution Procedure 
 
Geometry and Meshing Discretization   
 

 Both preload and MDC designs are assumed to have the same in-plane geometry, 
where the inner hub is 12.7 cm in diameter, and is press fit with a concentric 7.62-cm 
thick composite rim (rotor), see Fig. 3a. The out-of-plane dimension is taken to be  
4 times the mean radius for the preload, log, design and 5.08 cm in the MDC design. 
The preload design consists of one or three circumferentially reinforced rim(s), whereas  

 

 
 

the MDC design consists of twenty (evenly split) stacked circumferentially and radially 
reinforced disks. The circumferentially reinforced disks are 10 times thicker (in the out-
of-plane direction) than the radially reinforced disks (thereby making a total thickness 
of 5.08 cm); see Fig. 4b. 

 The problem of a rotating disk was solved numerically using four-nodded 
axisymmetric elements within the commercial finite element analysis software package 
known as, ABAQUS standard [29]. The boundary conditions and number of elements 
employed depended upon the different applied geometric constraints. For example, in 
the preload “log” configuration; i.e., three 2.54-cm thick rims (geometry shown in  
Fig. 3b), 80 elements were used for each rim, in addition to the solid hub elements. 
Furthermore, we used one column of gap elements (8 elements) at the location of each 
interface, as shown in Fig. 4a. In the single 7.62-cm rim configuration the same number 
of elements (80) was maintained for the rim. For the extreme cases of plane stress or 
plane strain, only one row of elements was used (20 elements, in addition to the solid 
hub elements). For the plane stress case, the out-of-plane dimension was reduced to 1% 
of the in-plane dimension), whereas in the plane strain case the out-of-plane 
displacements were completely restrained.  

a) 

Figure 3 - Schematic representation of the: a) Hub single 7.62-cm 
rim, b) Hub attached to three (each 2.54-cm thick) rims.  

6.35 cm 

13.97 cm 

 Misfit; 0.5% r 

Solid Hub 

Rm= 10.16 cm 
Ring 

Disk 1 

Disk 2 

Disk 3 

Misfit; 0.5% r

Misfit; 0.5% r

Rm= 10.16 cm 

Misfit; 0.5% r

Solid Hub

b)
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 In the MDC design one row of elements were used for each of the radially 
reinforced layers and two rows for the circumferentially reinforced layers, thus 
resulting in a total of 210 axisymmetric (CAX4) elements (in addition to the solid hub 
and gap (INTER2A) elements) with the maximum element aspect ratio being 11. Note 
Fig. 4b, illustrates only half (in the out-of-plane direction) of the depth of the rotor 
system due to the use of symmetry. One column of gap elements was used  
(15 elements) between the solid hub and the composite rim elements. 
 

Prototypical Loads 
 

 In selecting our load cases we were guided by the anticipated service life of the 
ISS. That is, due to the sun/eclipse orbital constraints in addition to energy storage 
considerations, the flywheel rotor is expected to be spun up to 60 000 rpm within  
1 hour and then down to 40 000 rpm in half an hour (Fig. 5b), with occasional deep 
draws to as low as 20 000 rpm. For the current study, two types of mechanical loading 
were considered, that of constant and cyclic spinning. In the former case, two limiting 
constant rotations (60 000 and 20 000 rpm) were used in the analysis (see Fig. 5a), 
whereas, the cyclic load history was taken to follow a proposed ISS mission profile, 
(see Fig. 5b).  

 The interference fit at each interface was introduced using the gap element, where 
the outer nodes (of the gap element) have been given a radial dimension that is less than 

a) 

Part of the Solid Hub 

Gap elements 

b) Gap elements 

Circumferentially
reinforced 
elements 

Radially 
reinforced  
elements 

Boundary Conditions 

Figure 4 - Schematic representation showing the finite element (axisymmetric) mesh 
used in the analysis. a) A multi disk preload  (log) design showing the three 2.54-cm 
rims and part of the hub b) MDC design showing the rim and part of the hub. 
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the inner nodes by an amount that is equal to the interference fit (0.5% r), where “r” is 
the radius of the interface of interest. This value of interference fit was maintained in all 
the problems including the multi-disk preloaded design in which the three sub-rims 
each have a 0.5% compressive hoop prestrain imposed on them.  
 
 

 
In addition to the mechanical loadings one case of linearly distributed thermal 

loading was used, by introducing it in two steps; initial ramp and constant loading.  
 
Global (Time-stepping scheme) and Local (constitutive) Calculations 

 
 In both the cyclic and constant load cases, each “linear” portion of the load was 

considered to be a step (Fig. 5) and in each step ABAQUS’s feature of automatic global 
stepping was activated. As an example, the program traversed the linear loading ramp  
(ab in Fig. 5a) in 140 sub-increments (after limiting the automatic global stepping to be 
between 10-21 and 500 seconds) in the MDC design.   

 The material model was linked to the main program using the UMAT (user 
material-definition) option within ABAQUS where the various material properties are 
identified within the input file. Detailed constitutive level calculations (stress-
update/stiffness, etc.) within the UMAT routine were developed using an implicit 
integration technique, see references [22, 24] for details.  
 
Validation Problems 
 

 Different problems were successfully solved which validated the constitutive 
model implementation within ABAQUS as well as the overall solution procedure.   
To this end a comparison was made with an existing analytical solution for different 
loading and geometric cases. Secondly, the linear viscoelastic solution was compared to 
the “proven” elastic limit solutions; i.e., instantaneous limit (dynamic modulus) and 
equilibrium/ steady-state (static modulus) at “infinite times”, see reference [1, 23]. 
Lastly, results using the viscoplastic model and the “finite-height,” log, geometric 
model demonstrated that the solution was bounded by the two limiting plane-stress/ 
plane-strain cases, as one would expect. 

Figure 5 - Loading histories a) Constant loading. b) Cyclic loading 

10 Days min. 

60  

60 90 150

Krpm 

50  
40 

b) a) 

60 min. 90 days 

60  

20  

 

 

 20  

 

Krpm 

a 

b 



 

NASA/TM—2003-212091 

 

11

Analysis Results for Preload Design 
 
Material Representation 
 

 The influence of the material representation (be it elastic (reversible) or plastic 
(irreversible) like) on the stress analysis is presented here. 

 

 Characteristic Highlights of a Viscoelastic Solution Given a Single, Isotropic, 
Disk-In this study a single disk (with an “infinitely-soft” hub and a TIMETAL 21S rim) 
was subjected to two different load types. Both of the loads were held constant over the 
applied time; a linear thermal load distribution (from 310o C at the OD to 0o C at the ID) 
and an applied rotational speed. Results indicate that in the thermal loading case, the 
multiaxial strain state is constant while the stress state changes with time.  
Alternatively, in the mechanical load case, the stress state is constant in time while the 
strain state evolves with time. Thus both strain-controlled and stress-control test 
conditions are simulated, respectively. In the two cases the initial (instantaneous 
response) and final  (infinite time) states were obtained from the elastic analysis using 
the upper stiffness limit  (D= ΣMi+Es) and the lower stiffness limit (Es), respectively. 
This fact places the actual viscoelastic solution, at anytime, within these two limits, see 
Fig. 6a and b. For convenience in reporting our stress results in Fig. 6 and all 
subsequent figures, we have utilized a normalization factor (denoted as N.F.) in each 
individual figure corresponding to the purely elastic solution. 
 

 Fundamental Differences Between a Viscoelastic and Viscoplastic Solution- A 
major difference between the two material representations is clearly displayed when the 
“unloading” portion of the experimental response is examined, see Fig. 2c and 2d as 
well as reference [20]. Here the viscoelastic solution shows complete recovery/ 
reversible behavior (no permanent residual stress) and the viscoelastoplastic 
representation show some remaining residual stress (non-recoverable behavior) as  
does the experimental data. 
 On the structural level, the titanium hub fitted with a PMC rim was subjected to 
cyclic loading and in another case to a constant “average” load equal to the mean of the 
cyclic load case, Fig. 5b. The problem was analyzed using the two material 
representations, i.e. viscoelastic and viscoelastoplastic. Clearly, the results of the 
viscoelastic analysis show that the “average” constant load response coincides with the 
mean cyclic loading response, Fig. 7a as one might intuitively expect. In the 
viscoelastoplastic case, however the two responses deviate, in that the cyclic loading 
shows more time dependency than does the constant load profile, as seen in (Fig. 7b). 
This deviation (which was captured by the viscoelastoplastic behavior model) comes 
from the accumulation of inelastic strain during each cycle; i.e., ratchetting phenomenon. 
This ratchetting phenomenon represents another major difference between the two 
material representations.  Obviously, this difference in fundamental behavior under cyclic 
conditions suggests the urgent need to accurately determine experimentally the 
appropriate multiaxial representation for this material.  This is because; if the material 
were “plastic” in nature significant accumulation of stress/strain could be (depending on 
the stress level) encountered over time, which is in, stark contrast to that obtained from 
essentially an “elastic” material. Note, to the authors knowledge, no experimental data on 
the ratchetting behavior of flywheel system is currently available. 
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Figure 6 - Viscoelastic response of a single (TIMETAL 21S) disk with extremely soft 
hub. a) Normalized radial stress after subjecting the disk to constant thermal loading 
(linear temperature distribution), N.F.=1.67 MPa. b) Radial strain distribution after 
subjection to constant rotational speed. Rm=19.05 cm. 
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Material Constraints 
 

 Here, three different “artificial” modifications in material behavior (starting from 
an isotropic steel alloy at elevated temperature) were imposed so as to study the 
influence of material constraint in the context of a thin (plane stress), interference fit, 
hub-rim design. In the first case an isotropic metallic like material was used in the rim. 
This was then compared to a second case in which the rim was composed of a 
“composite” made out of the same matrix material but that was reinforced 
circumferentially with stiff elastic fibers. In the third case the same isotropic matrix was 
used as in the first case, but now with the stiff elastic fibers assumed to be in the radial 
direction. All three systems were subjected to the same constant rotation and analyzed 
with the same viscoplastic model, but with correspondingly different fictitious material 
parameters. Figure 8 shows the history of the interfacial stress (contact pressure) for the 
three different material cases normalized with the elastic matrix solution. The figure 
shows that the isotropic case exhibits the greatest loss of preload (due to time 
dependency), followed by the case of radial and then circumferential fiber 
reinforcement. Given circumferential reinforcement, very little time dependency was 
observed. Indeed, it is this latter favorable situation that provides the appeal of 
circumferential filament-wound designs in practice. 
 
Geometric Constraints 

 
 From the standpoint of practical designs, the ratio of “height” (out-of-plane) to in-

plane mean radius of the rotor can vary significantly. The two limiting extremes of 
plane strain and plane stress conditions, however, correspond to a very high and very 
low ratio, respectively. These limiting cases were studied in the context of a single 
PMC rim/hub design, subjected to three different constant rotational speeds (zero,  
20 000 and 60 000 rpm) for 90 days given a viscoelastoplastic material model 
representation.  
 The results show that in all three cases the plane stress condition (thin disk case) 
exhibited more time dependency than did the plane strain case when referring to loss of 
preload (i.e., the radial stress distribution; see Fig. 9). For both geometric constraint 
conditions, most of the time-dependent losses (in the interfacial pressure) occur during 
the loading ramp, given the rather high-assumed operational temperature of 135 °C for 
the present PMC system and the relatively slow loading ramp rate. Clearly, the no 
rotation case (simulating a flywheel being stored at elevated temperature) shows the 
most severe loss in preload pressure (33% in plane stress, 10% in plane strain after  
90 days), Fig. 9a and b and illustrates why one would not want to store a given flywheel 
system at elevated temperatures. For the case of 60 000 rpm (Fig. 9e and f) the 
influence of time dependence does not appear to be as prevalent as in the other two load 
cases – since at the interfacial location between the hub and rim the radial stress state is 
equal to that of the elastic solution. Be not deceived, however, time dependency does 
exist in that region especially during the loading ramp (when the compressive stress 
level is high), but due to the high rotational spin up speed the maximum stress level is 
shifted to the location of the mean radius; wherein, a positive stress state exists and 
stress relaxation is noticeable, especially in the plane stress case. 
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Figure 8 - Viscoplastic analysis of rotating hub-disk (a 0.5% hoop prestrain) with 
constant speed for three different fictitious materials; case 1 is isotropic, in case 2 
the radial direction is semi-prevented from creeping and in case 3 the 
circumferential direction is semi-prevented from creeping. a) represents the history 
of the interfacial pressure during the loading ramp; whereas b) represents the entire 
interfacial pressure history. N.F.=206.1 MPa. 
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Figure 9 - A comparison between plane stress and plane strain conditions given a 
titanium hub- PMC rotor (7.62-cm radial thickness, Rm=10.16 cm) with a hoop 
prestrain of 0.5% subjected to three constant rotational speeds:0 rpm (a and b), 
20Krpm (c and d) and 60Krpm (e and f). The N.F.’s are: a) 141.62MPa, 
b)155.68MPa, c)142.72MPa,d)156.03MPa,e) 57.43MPa and f) 45.99MPa, 
respectively. A viscoelastoplastic material representation was used in the analysis. 
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Figure 10 - Describes the tangential strain distribution within a thin (plane stress 
condition) titanium hub-PMC rotor (7.62-cm radial thickness, Rm=10.16 cm ) 
with a hoop prestrain of 0.5% subjected to three constant rotational speeds using 
viscoelastoplastic representation; i.e., a) zero, b) 20 Krpm, and c) 60 Krpm. 
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Among different failure types that can occur, the burst failure criterion is one of the 
most stringent ones. Assuming that the fibers can stretch up to 1%, the tangential strain 
(which dictates the burst speed of the rim) indicates that for the more severe plane 
stress case, nearly 40 % of the allowable hoop strain is consumed during preloading 
(imposition of interference fit deformations) since no rotation is applied, see Fig. 10a. 
This amount increases to 42%, and 60% when 20 000 and 60 000 rpm rotational speeds 
are applied, respectively, see Fig. 10b and c. From the tangential strain distribution 
(Fig. 10), it is clear that the largest amounts of incremental changes in strain (with time) 
occurred near the midsections of the rim at lower speeds of rotations and shift gradually 
to the outer radius at higher speeds. Nevertheless, the highest magnitude of tangential 
strain remains at the location of the inner rim radius.  Also, it is apparent from Fig. 10c 
that as the rotational speed is increased, the material throughout the rim is better 
utilized in that the material is more uniformly strained.  This further illustrates the 
complex redistribution of stress and strain fields within the structure, which is only 
enhanced by time-dependent material behavior. 
 
Material Gradation (Creep Mismatch) 
 

 A key motivation for the development of multi-disk rotors is the fact that at higher 
speeds of rotation the compressive stress due to hub/rim interference fit can be finally 
overcome such that a positive radial stress state is induced toward the middle of the rim. 
This positive radial stress, if excessive, could then cause delamination and/or failure of 
the rotor.  This potential problem can be circumvented by introducing multiple sub-
rims, which are in turn prestrained so as to maintain a compressive radial stress field 
throughout the rotor for all speeds of interest. Similarly, the associated hoop strain 
distribution is uniquely modified (so that a discontinuous stair step pattern is produced 
– with the highest hoop strain always occurring at the ID of the outer most rim) as a 
result of the multidisk configuration. To demonstrate the difference in radial stress and 
hoop strain distributions between a single disk and multidisk design (see Fig. 3a), the 
hub-PMC rotor configurations will be subjected to a 60 000 rpm constant rotation.  
Results are shown in Fig. 11, at the end of 10 days of operations. The analysis utilized a 
viscoelastoplastic material representation for the PMC rotor. Clearly, in the multidisk 
case, Fig. 11b, almost all-tensile radial stress is eliminated, except for a small region in 
the outer most disk, yet the influence of time dependency still persists. In fact it is 
enhanced over that of the single disk case, Fig. 11a, in that the amount of loss of 
preload (as compared to the time-independent, elastic, solution) is significant at the 
hub-rotor interface.  

 Figure 11 also clearly shows the classic discontinuous stair-step pattern (an artifact 
of this design and maintaining a compressive radial stress state throughout the rotor) for 
the hoop strain distribution in the multi-disk configuration as compared with the more 
uniform distribution given a single rotor disk. Obviously, the outer most disk is the 
most highly strained (which is deemed to be goodness from a fail-safe design 
standpoint) and therefore will be the first to experience burst due to an over load 
situation (see reference [1] for additional discussion regarding multi-disk design). 
  Another advantage of this multi-disk design is that it allows the possibility of 
introducing a different material for each disk within the rotor, i.e., the grading of the 
rotors’ material properties, so that the influence of time-dependent behavior could be 
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potentially minimized. To study the influence of creep mismatch on the overall 
performance of the multi-disk design, the previous multidisk rotor design, with each 
subdisk having an interference fit of (0.5% r), was analyzed, see Fig. 3b. Each of the 
three rims was given new material properties (based on the original PMC material). For 
convenience, we define the three materials as follows; i.e., baseline (original IM7/8552, 
PMC) material as C0, a material with more tendency to creep (relative to the original), 
C1, and a third material, C2, with even more creep (relative to both C0 and C1) tendency. 
Three cases were analyzed using the following gradation schemes given these three 
materials, wherein each rim is assign a material from inner, to middle, to outer rim, 
respectively; i.e., case 1 (C0, C0, C0), case 2 (C0, C1, C2) and case 3 (C2, C1, C0). All 
cases were subjected to the same constant speed of 60 000 rpm as previously analyzed 
using the viscoelastoplastic model. 

 

Figure 11- Normalized radial stress and tangential strain distributions 
(viscoelastoplastic analysis - PMC “material case 1”) of a preloaded configuration 
with a finite height (log): (a, c) single 7.62-cm thick rim and (b, d) three (each  
2.54-cm) rims. The N.F. are 59.64 MPa for a) and 130.17 MPa for b). Stresses are 
normalized with respect to the elastic (time-independent) stress at the location of the 
hub-rotor interface. Rm=10.16 cm. 
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 Results, in the context of normalized radial stress and hoop strain distributions are 
shown in Fig. 12 for all three cases.  In Figure 12a it is clear that case 3 (where the 
inner rim exhibits the most time dependency) experiences a greater loss of preload than 
either of the other two cases, even though all three cases experience some time-
dependency. Of course, this is not totally unexpected, and it hints at the fact that 
reducing the creep tendency in the inner ring (which could be accomplished by merely 
reducing the temperature at the hub/rotor interface given uniform material properties) 
will have the biggest effect in reducing the loss in preload pressure. An alternative 
approach is to use a more creep resistant matrix material within the PMC for the inner 
disk(s). It is interesting to note that the hoop strain distribution is hardly impacted by 
grading. 
 
 

 
Analysis Results for MDC Design 
 

 In this design, reinforcement is now placed in both the radial and circumferential 
directions, thus producing a far more complex state of affair relative to the previous 
unidirectional preload design, since now anisotropy is severely impacting both in-plane 
and out-of-plane responses. The motivation for radial fiber placement stems from the 
desire to accommodate higher tensile radial stresses produced within a single, relatively 
thin (out-of-plane) and thick (in-plane) rotor.  For this design, we will only examine a 
single loading case, i.e., a constant rotational speed of 60 000 rpm for 10 days. The 
same viscoelastoplastic material representation for the IM7/8552 PMC system, elastic 
titanium hub, interference fit between hub and rotor, and mean radius of 10.16 cm will 

Figure 12- Influence of material gradation (creep mismatch) on the behavior of 
multidisk preloaded design using viscoelastoplastic analysis. Magnitude of misfit, at 
each interface, is equal to 0.5% times the radius at that interface. The three material 
cases are: case 1 (C0, C0, C0), case 2 (C0, C1, C2) and case 3 (C2, C1, C0). The 
normalizing factor for the radial stress is, 130.17 MPa. The mean radius is 10.16 cm. 
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be utilized here to assist comparison of designs.  It is important to realize that this 
configuration is not an optimal one (as for practical applications flexible composite 
hubs are being discussed), but rather just an example of an inexpensive certification test 
that might be conducted on a solid spin arbor. From our above material constraint study 
one might expect that minimal time dependency would be exhibited from this type of 
design since significant constraint is being introduced in both principal loading 
directions. As will be demonstrated, however, this is not the case, as significant time 
dependency is indeed observed. Stress and strain distribution results are shown (see 
Figs. 13 and 14) in the r-z plane via contour-type plots, while detailed distributions, at 
different instants of time, for representative circumferentially and radially reinforced 
layers (i.e., the fourth and fifth layers, respectively) will be displayed as a function of 
the normalized radius of the rotor. The stresses, reported are normalized with respect to 
their respective maximum values obtained from the elastic (time-independent) solution 
(at full speed) in each case.  
 
5.1 In-Plane-Response 
 
 Referring to Figs. 13c, d, e and f, most of the time-dependent changes in the in-
plane response components occur during the initial (60 minute) loading ramp. The 
radial stresses in the radially reinforced layers were significantly reduced (80% 
relaxation-at the center of the rotor) during the loading ramp, but later they slightly 
increase (0.7%) over the remaining 10 day period of constant loading, see Fig. 13c. 
This is in stark contrast with the response of the circumferentially reinforced layers 
where we observe approximately a 33% increase in radial stress (normal to the layer’s 
fiber direction) during the loading ramp, and then an 11% reduction subsequently, see 
Fig. 13 d. The tangential strains in both the radial and circumferentially reinforced 
layers show similar behavior as they redistribute throughout the rotor thickness as 
compared to the elastic solution (approximately a 25% increase over 10 days toward the 
outer diameter), see Figs. 13e and f. Note that the circumferential layer is well within 
the allowable 1% fiber strain limit and the radial layer is within the transverse failure 
strain limit of 0.8%, see [20].  
 
5.2 Out- of-Plane Response 
 

 Unique to the MDC design considered here, is the use of reinforcement in both 
principal directions. This is introduced through alternating layers of perpendicular fiber 
reinforcement producing inhomogeneous material properties in the out-of-plane 
direction. This inhomogeneity is reflected in significant interlaminar (out-of-the plane,  
r-z) shear stresses, which play a significant role in this type of design (e.g., may trigger 
a new delamination failure mode as compared with the previous preload design); see  
Fig. 14c. In Figs. 14a and b, contour plots of the transverse (r-z) shear stress and strain, 
respectively, distributions are shown. Note the existence of a region (near the interface 
of the hub-rotor) where the stresses and strains are highly concentrated. Also, the 
amount of change due to material time dependency in the transverse shear stress 
reaches a value of 230% (over that of the elastic analysis) in certain regions in the 
radially reinforced layers (between the middle of the rim and the ID). Furthermore, the  
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Figure 13 – Analysis of PMC MDC design subjected to 0.5% prestrain and 60 Krpm 
constant rotation using viscoelastoplastic model. Radial stress and tangential strain 
contours at the end of loading are shown in (a and b), respectively. Normalized radial 
stress and tangential strain in radially reinforced fifth layer and circumferentially 
reinforced fourth layer, are shown in, (c and e), and, (d and f), respectively.  The 
stresses in (c and d) are normalized with respect to the corresponding maximum 
elastic stress at full speed. These factors are 535 MPa and 48.26 MPa, respectively. 
The mean radius is 10.16 cm. 
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c) d)

Figure 14 - Analysis of PMC MDC design subjected to 0.5% prestrain and 60 Krpm 
constant rotation using viscoelastoplastic model. Shear stress and shear strain 
contours at the end of loading are shown in (a and b, respectively. Normalized shear 
stress and shear strain in radially reinforced fifth layer and circumferentially 
reinforced fourth layer are shown in, (c and e), and, (d and f), respectively. The shear 
stresses in (c and d) are normalized with respect to the corresponding maximum 
elastic stress at full speed. These factors are 2.65 MPa and 10.62 MPa, respectively. 
The mean radius is 10.16 cm. 
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corresponding shear strains in these same regions of concentration continue to increase 
(creep) with time (see, Figs. 14e and f). With the actual values of shear strain, in the 
radially and circumferentially reinforced layers, reaching magnitudes of 0.18% and 
0.24%, respectively, after 10 days of constant rotation at 60 000 rpm. Whether these 
magnitudes are approaching the limit of the material is not known at this time. 
 Remarkably, these latter significant changes and intense localizations for the 
transverse shear stress/strain components are unique to the plastic-type time 
dependency that is typical in viscoplasticity. Purely (linear) viscoelastic solutions will 
not exhibit this trend; in fact with the notion of viscoelastic bounds the distributions 
will remain identical to their elastic patterns in Figs. 14e and f (basically shifting up or 
down as a whole). In view of this marked differences between the two alternative 
material representations for the above “shear-type” response, it seems rather important 
that any experimental characterization test program should include shear-type tests. At 
present time, these are lacking for the PMC system considered here. The results in  
Fig. 14 are all based on the predictive capabilities of the viscoplastic model. 
Experimental confirmation (or other wise) of these trends would be very interesting, 
and should be a topic of future research. 
 
Summary and Conclusions 
 

 As a main and general conclusion, both the preload (single or multidisk) and the 
MDC rotor designs will be significantly influenced by time-dependent material 
behavior, provided the application temperature is sufficient for the given material.  
Remember all results herein assumed an application temperature of 135oC, which 
produced a significant amount of time-dependent behavior in the PMC material system 
of interest. Clearly, this temperature is an upper use temperature and therefore the 
observed time-dependent behavior is an extreme example. 

 More specifically, the conclusions for each of the itemized aspects of this study 
can be summarized as follows (the first four were inferred from the study of both 
preload/and-MDC designs, and the fifth is unique to the current MDC rotor design)  
 
Material Representations 

• For Viscoelastic Solid Material (Pure Hardening)-Limit conditions exist and the 
mean cyclic and creep response (at this mean stress) are basically equivalent. 

• For Viscoplastic Material- No limit state is readily available and the mean cyclic 
and creep response are not equivalent, as significant ratchetting behavior is 
predicted. 

• Before any firm conclusion can be made, a cyclic PMC flywheel rotor test, at 
temperature, must be performed to verify the appropriate constitutive modeling 
approach (i.e., delineate between viscoelastic/viscoelastoplastic). 

 
Material Constraints 

• Fiber orientation can significantly impact the influence of time dependency 
• Governing components (and thus failure mode) can shift from in-plane to  

out-of–plane. 
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Geometric Constraints 
• Plane stress conditions typically exhibit more time dependency than do conditions 

of plane strain. 
• The extent of these effects is a function of load level.  For example, the most 

significant loss of preload occurs under no rotation, which implies that an 
assembled preloaded flywheel rotor should be stored in a controlled environment 
(cold) to ensure minimal loss of preload prior to use.  

 
Material Gradation (Creep Mismatch) 

• Influence of time-dependency can be increased or decreased depending upon the 
ordering of the material within the rotor. 

• To minimize time-dependent behavior, a designer should place the least time 
dependent material toward the ID of the rotor.  This gradation may also be 
achieved given the same material throughout, by introducing internal cooling. 

 
MDC design 

• Alternating layers with different preferred directions will induce inhomogeneity, 
thus causing the out-of-plane components (i.e., shear stress or shear strain) to 
become an important design factor. 

• Further research and experimentation at the coupon level must be conducted on 
the out-of-plane shear response, to identify appropriate limit (failure) levels. 

• Additionally, flywheel rotor experiments are needed to study the time variation 
response of MDC designs so as to enable firm conclusions to be made regarding 
the significance of time dependency in these flywheels. 
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